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Abstract 
Structural equation modeling (SEM) is a methodology for representing, estimating, and testing a network of relationships between 
variables (measured variables and latent constructs).  This tutorial provides an introduction to SEM including comparisons between 
“traditional statistical” and SEM analyses. Examples include path analysis/ regression, repeated measures analysis/latent growth 
curve modeling, and confirmatory factor analysis. Participants will learn basic skills to analyze data with structural equation 
modeling. 
 
Rationale 
Analyzing research data and interpreting results can be complex and confusing. Traditional statistical approaches to data analysis 
specify default models, assume measurement occurs without error, and are somewhat inflexible. However, structural equation 
modeling requires specification of a model based on theory and research, is a multivariate technique incorporating measured 
variables and latent constructs, and explicitly specifies measurement error.  A model (diagram) allows for specification of 
relationships between variables. 
 
Purpose 
The purpose of this tutorial is to provide participants with basic knowledge of structural equation modeling methodology. The goals 
are to present a powerful, flexible and comprehensive technique for investigating relationships between measured variables and 
latent constructs and to challenge participants to design and plan research where SEM is an appropriate analysis tool. 
 
Structural equation modeling (SEM)   

• is a comprehensive statistical approach to testing hypotheses about relations among observed and latent variables 
(Hoyle, 1995). 

• is a methodology for representing, estimating, and testing a theoretical network of (mostly) linear relations between 
variables (Rigdon, 1998). 

• tests hypothesized patterns of directional and nondirectional relationships among a set of observed (measured) and 
unobserved (latent) variables (MacCallum & Austin, 2000).  

 
Two goals in SEM are 

1) to understand the patterns of correlation/covariance among a set of variables and  
2) to explain as much of their variance as possible with the model specified (Kline, 1998). 
  

The purpose of the model, in the most common form of SEM, is to account for variation and covariation of the measured variables 
(MVs).  Path analysis (e.g., regression) tests models and relationships among MVs.  Confirmatory factor analysis tests models of 
relationships between latent variables (LVs or common factors) and MVs which are indicators of common factors.  Latent growth 
curve models (LGM) estimate initial level (intercept), rate of change (slope), structural slopes, and variance. Special cases of SEM 
are regression, canonical correlation, confirmatory factor analysis, and repeated measures analysis of variance (Kline, 1998).   
 
Similarities between Traditional Statistical Methods and SEM 
SEM is similar to traditional methods like correlation, regression and analysis of variance in many ways.  First, both traditional 
methods and SEM are based on linear statistical models.  Second, statistical tests associated with both methods are valid if certain 
assumptions are met. Traditional methods assume a normal distribution and SEM assumes multivariate normality.  Third, neither 
approach offers a test of causality.  
 
Differences Between Traditional and SEM Methods 
Traditional approaches differ from the SEM approach in several areas. First, SEM is a highly flexible and comprehensive 
methodology. This methodology is appropriate for investigating achievement, economic trends, health issues, family and peer 
dynamics, self-concept, exercise, self-efficacy, depression, psychotherapy, and other phenomenon.  
 
Second, traditional methods specify a default model whereas SEM requires formal specification of a model to be estimated and 
tested.  SEM offers no default model and places few limitations on what types of relations can be specified. SEM model specification 
requires researchers to support hypothesis with theory or research and specify relations a priori.  
 
Third, SEM is a multivariate technique incorporating observed (measured) and unobserved variables (latent constructs) while 
traditional techniques analyze only measured variables.  Multiple, related equations are solved simultaneously to determine 
parameter estimates with SEM methodology.  
 
Fourth, SEM allows researchers to recognize the imperfect nature of their measures.  SEM explicitly specifies error while traditional 
methods assume measurement occurs without error. 
 
Fifth, traditional analysis provides straightforward significance tests to determine group differences, relationships between variables, 
or the amount of variance explained. SEM provides no straightforward tests to determine model fit. Instead, the best strategy for 
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evaluating model fit is to examine multiple tests (e.g., chi-square, Comparative Fit Index (CFI), Bentler-Bonett Nonnormed Fit Index 
(NNFI), Root Mean Squared Error of Approximation (RMSEA)). 
 
Sixth, SEM resolves problems of multicollinearity. Multiple measures are required to describe a latent construct (unobserved 
variable). Multicollinearity cannot occur because unobserved variables represent distinct latent constructs. 
 
Finally, a graphical language provides a convenient and powerful way to present complex relationships in SEM.  Model specification 
involves formulating statements about a set of variables. A diagram, a pictorial representation of a model, is transformed into a set 
of equations.  The set of equations are solved simultaneously to test model fit and estimate parameters. 
 
Statistics 
Traditional statistical methods normally utilize one statistical test to determine the significance of the analysis. Structural Equation 
modeling, however, relies on several statistical tests to determine the adequacy of model fit to the data. The chi-square test 
indicates the amount of difference between expected and observed covariance matrices. A chi-square value close to zero indicates 
little difference between the expected and observed covariance matrices. In addition, the probability level must be greater than 0.05 
when chi-square is close to zero.  
 
The Comparative Fit Index (CFI) is equal to the discrepancy function adjusted for sample size. CFI ranges from 0 to 1 with a larger 
value indicating better model fit. Acceptable model fit is indicated by a CFI value of 0.90 or greater (Hu & Bentler, 1999).   
 
Root Mean Square Error of Approximation (RMSEA) is related to residual in the model. RMSEA values range from 0 to 1 with a 
smaller RMSEA value indicating better model fit. Acceptable model fit is indicated by an RMSEA value of 0.06 or less (Hu & Bentler, 
1999). 
 
If model fit is acceptable, the parameter estimates are examined. The ratio of each parameter estimate to its standard error is 
distributed as a z statistic and is significant at the 0.05 level if its value exceeds 1.96 and at the 0.01 level it its value exceeds 2.56 
(Hoyle, 1995). Unstandardized parameter estimates retain scaling information of variables and can only be interpreted with 
reference to the scales of the variables. Standardized parameter estimates are transformations of unstandardized estimates that 
remove scaling and can be used for informal comparisons of parameters throughout the model. Standardized estimates correspond 
to effect-size estimates.  
 
If unacceptable model fit is found, the model could be revised when the modifications are meaningful. Model modification involves 
adjusting a specified and estimated model by either freeing parameters that were fixed or fixing parameters that were free. The 
Lagrange multiplier test provides information about the amount of chi-square change that results if fixed parameters are freed. The 
Wald test provides information about the change in chi-square that results if free parameters are fixed (Hoyle, 1995). 
 
Considerations 
The use of SEM could be impacted by  

• the research hypothesis being testing 
• the requirement of sufficient sample size 

A desirable goal is to have a 20:1 ratio for the number of subjects to the number of model parameters . However, a 10:1 
may be a realistic target. If the ratio is less than 5:1, the estimates may be unstable. 

• measurement instruments 
• multivariate normality 
• parameter identification 
• outliers 
• missing data 
• interpretation of model fit indices (Schumacker & Lomax, 1996).   

 
SEM Process 
A suggested approach to SEM analysis proceeds through the following process:  

• review the relevant theory and research literature to support model specification 
• specify a model (e.g., diagram, equations) 
• determine model identification (e.g., if unique values can be found for parameter estimation; the number of degrees of 

freedom, df, for model testing  is positive)  
• select measures for the variables represented in the model 
• collect data  
• conduct preliminary descriptive statistical analysis (e.g., scaling, missing data, collinearity issues, outlier detection) 
• estimate parameters in the model 
• assess model fit 
• respecify the model if meaningful 
• interpret and present results. 
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Definitions 
A measured variable (MV) is a variables that is directly measured whereas a latent variable (LV) is a construct that is not directly or 
exactly measured.   
 
A latent variable could be defined as whatever its multiple indicators have in common with each other. LVs defined in this way are 
equivalent to common factors in factor analysis and can be viewed as being free of error of measurement.  
 
Relationships between variables are of three types 

 Association, e.g., correlation, covariance 
 Direct effect is a directional relation between two variables, e.g., independent and dependent variables 
 Indirect effect is the effect of an independent variable on a dependent variable through one or more intervening or 

mediating variables 
 
Variable Labels 

• Independent  predictor  exogenous (external)    affect other variables in the model 
• Dependent    criterion   endogenous (internal)   effects of other variables  can be represented as causes of other 

endogenous variables 
• Latent variable  factor  construct 
• Observed variable  measured variable  manifest variable  indicator  generally considered endogenous 

 
A model is a statistical statement about the relations among variables. 
 
A path diagram is a pictorial representation of a model. 
 
Specification is formulating a statement about a set of parameters and stating a model. 

 A critical principle in model specification and evaluation is the fact that all of the models that we would be interested in 
specifying and evaluating are wrong to some degree 

 We must define as an optimal outcome a finding that a particular model fits our observed data closely and yields a highly 
interpretable solution. 

 Instead of considering all possible models, a finding that a particular model fits observed data well and yields an 
interpretable solution can be taken to mean only that the model provides one plausible representation of the structure that 
produced the observed data. 

 
Parameters are specified as fixed of free. 
 
Fixed parameters are not estimated from the data and their value is typically fixed to zero or one. 
 
Values of fixed parameters are generally defined based on requirements of model specification. A critical requirement is that we 
establish a scale for each LV in the model, including error terms. To resolve this, we provide each LV with a scale in the model 
specification process in one of two ways 

• Fix the variance of each LV to 1.0 
• Fix the value to 1.0 of one parameter associated with an LV directional influence 

 
Free parameters are estimated from the data. 
 
Fit indices indicate the degree to which a pattern of fixed and free parameters specified in the model are consistent with the pattern 
of variances and covariances from a set of observed data. Examples of fit indices are chi-square, CFI, NNFI, RMSEA. 
 
Components of a general structural equation model are the measurement model and the structural model. The measurement 
model prescribes latent variables, e.g., confirmatory factor analysis. The structural model prescribes relations between latent 
variables and observed variables that are not indicators of latent variables. 
 
Identification involves the study of conditions to obtain a single, unique solution for each and every free parameter specified in the 
model from the observed data. In order to obtain a solution, the number of free parameters, q, must be equal to or smaller than the 
number of nonredundant elements in the sample covariance matrix, denoted as p* with p* = p(p + 1)/2 where p is the number of 
measured variables in the covariance matrix (q =< p*). 
 
Types of model identification 

• If a single, unique value cannot be obtained from the observed data for one or more free parameters, then the model is 
underidentified.  For example, infinite solutions may be obtained for the equation x + y = 5. The solution for y is totally 
dependent on the solution for x. When there are more unknowns (x and y) than the number of equations (1), the model is 
underidentified.   

• If for each free parameter a value can be obtained through one and only one manipulation of the observed data, then the 
model is just identified.  With two equations, x + y = 5 and 2x + y = 8, a unique solution can be obtained. When the 
number of linearly independent equations is the same as the number of unknown parameters, the model is just identified. 
This means we can get unique parameter estimates, but the model cannot be tested. 

• If a value for one or more free parameters can be obtained in multiple ways from the observed data, then the model is 
overidentified.  Overidentification is the condition in which there are more equations than unknown independent 



 4

parameters.  For example, x + y = 5, 2x + y = 8, and x + 2y = 9.  There is no exact solution. We can define a criterion and 
obtain the most adequate solution as an alternative. An advantage of the overidentified model is that we can test the 
model.  

• When df is positive, all q parameters can be estimated, df = (p* - q).  
• For example, with the three equations below, find values of a and b that are positive and yield totals such that the sum of 

the squared difference (0.67) between the observations (6, 10, and 12) and these totals is as small as possible (a = 3.0 
and b = 3.3 to one decimal place). This solution does not perfectly reproduce the observations 6, 10, and 12. 
  a + b = 6, 2a + b = 10,  3a + b = 12 

 
The purpose of estimation is to obtain numerical values for the unknown (free) parameters. 
 
Maximum Likelihood Estimation 

• ML is the default for many model-fitting programs 
• ML estimation is simultaneous, estimates are calculated all at once 
• If the estimates are assumed to be population values, they maximize the likelihood (probability) that the data (the 

observed covariances) were drawn from the population (the expected covariances). 
• Maximum likelihood estimation methods are appropriate for nonnormally distributed data and small sample size.  

 
The criterion selected for parameter estimation is know as the discrepancy function. 
It provides a guideline to minimize the differences between the population covariance matrix, ∑, as estimated by the sample 
covariance, S, and the covariance matrix derived from the hypothesized model, ∑(0).  For example, the discrepancy function for the 
ML method is 
    Fml = log| ∑(0)| + Trace[∑(0)-1 S] – log | S | - p 
 
Iterative methods involve a series of attempts to obtain estimates of free parameters that imply a covariance matrix like the 
observed one.  Iterative means that the computer derives an initial solution and then attempts to improve these estimates through 
subsequent cycles of calculations. “Improvement” means the model-implied covariances based on the estimates from each step 
become more similar to the observed ones. The iterative process continues until the values of the elements in the residual matrix 
cannot be minimized any further. Then the estimation procedure has converged. 
 
When the estimation procedure has converged, a single number is produced that summarizes the degree of correspondence 
between the expected and observed covariance matrices. That number is sometimes referred to as the value of the fitting 
function. That value is the starting point for constructing indexes of model fit. 
 
Nonconvergence occurs when the iterative process is terminated during estimation because of criteria specified (e.g., maximum 30 
iterations) or because of the practical consideration of excessive computer time.  Nonconvergent results must not be trusted. 
Nonconvergence is usually the result of poor model specification or poor starting values. 
 
The residual matrix contains elements whose values are the differences between corresponding values in the expected and 
observed matrices. 
 
The sample covariance matrix is not positive definite – usually caused by linear dependency among observed variables; some 
variables are perfectly predictable by others.  Because the inverse of the sample covariance matrix is needed in the process of 
computing estimates, solutions cannot be obtained from the estimation procedure when variables are linearly dependent.  To avoid 
dependencies, variables should be carefully selected before the model is  estimated and tested. 
 
Evaluation of model  fit  

• Chi-square is a “badness-of-fit” index, smaller values indicate better fit 
• Other fit indices, e.g, CFI, NNFI, are “goodness-of-fit” indices where larger values mean better fit 
• The Wald test provides information about the change in chi-square and determines the degree to which model fit would 

deteriorate if free parameters were fixed.  
• LaGrange Multiplier Test (LM) provides information about the amount of chi-square change and determines the degree to 

which model fit would improve if any selected subset of fixed parameters were converted into free parameters. 
 
Model modification involves adjusting a specified and estimated model by either freeing parameters that were fixed or fixing 
parameters that were free. In SEM, model comparison is analogous to planned comparisons in ANOVA, and model modification is 
analogous to post-hoc comparisons in ANOVA.  Model modification could sacrifice control over Type I error and lead to a situation 
where sample specific characteristics are generalized to a population 
 
 
If a model is determined to have acceptable fit, then the focus moves to specific elements of fit. 

• The ratio of each parameter estimate to its standard error is distributed as a z statistic and is significant at the 0.05 
level if its value exceeds 1.96. 

• Unstandardized parameter estimates retain scaling information of variables involved and can only be interpreted with 
reference to the scales of the variables 


